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1. INTRODUCTION
We prove the existence, uniqueness, and the energy decay of solutions
to the mixed problem,
­
u y u y F u s f , in Q s 0, 1 = 0, T , 1.1 .  .  .  . .t t x x t x­ x
< < < r <u s 0, u q u u s 0, t g 0, T , 1.2 .  . .xs0 xs1x t t
u x , 0 s u0 x , u x , 0 s u1 x , .  .  .  .t
x g 0, 1 , u0 0 s u1 0 s 0, 1.3 .  .  .  .
where F is a real twice continuously differentiable function and r G 0.
 .A systematic study of 1.1 started with Greenberg, Mac Camy, and
w xMizel 1 where it was shown that this equation models longitudinal
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oscillations of a bar under the Kelvin state equation. Equations, similar to
 . w x w x1.1 , were studied in Dafermos 2 , Kozhanov, Lar'kin, and Yaneko 3 ,
w x w xMedeiros and Miranda 4 , and Benjamin, Bona, and Mahony 5 . Later, it
 .was observed that 1.1 can be used as a regularization to parabolic
forward]backward equations of the type,
­
u y F u s 0, 1.4 .  .t x­ x
X .where the derivative F u can change its sign. From this point of view,x
 .1.4 and the related equation,
­ 2 ­
b u q u y F u y F u s f , b G 0 1.5 .  .  .t t t 1 x x­ t ­ x ­ x
w xwere used in Lar'kin, Novikov, and Yanenko 6 . See also Barenblatt,
w xBertsch, Dal Passo, and Ughi 7 .
In all of these articles, the Cauchy problem or mixed problems with the
Dirichlet or Neumann conditions at x s 0, x s 1 were considered. On the
 .  .other hand, various physical problems, modelled by 1.1 and 1.5 , demand
w xnonlinear conditions on the boundary. In Kuttler 8 , the boundary value
 .problem for 1.5 was studied where on x s 0, 1 stress functions were
given. It must be noted that from the physical point of view that it is
difficult to measure and to prescribe a stress function at the boundaries.
 .Here we consider the condition 1.2 which has a clear meaning, see
w xGreenberg and Li Ta Tsien 9 . This relationship model also flows in
channels with perforated walls under nonlinear Darcy's law.
The decay of solutions for the quasi-linear wave equation with viscosity
w xwas analyzed by Nakao in 10 . He proved the algebraic decay of the
solutions to the Dirichlet problem.
In this work, we establish the existence and uniqueness results for
 .  .1.1 ] 1.3 employing the Faedo]Galerkin method; and to study the
w xasymptotic behavior of the solutions we have used Nakao's lemma 10 . We
reduce the order of the auxiliary linear equation and we obtain a system of
ordinary differential equations which has solutions in some interval. We
construct Galerkin's approximation and suitable a priori estimates permit
us to pass to the limit. After that one may employ standard arguments:
prove local in t existence theorem, then to extend a local solution to any
finite T.
 .To prove the energy decay, we take f ' 0 in 1.1 and we use Young's
inequality to estimate the energy in order to apply the lemma of Nakao.
In Section 2, we give basic notations and we study the auxiliary linear
problem employing Faedo]Galerkin procedure. In Section 3, we prove the
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 .  .existence of local solutions to 1.1 ] 1.3 . Here we use a variant of the
contraction mapping theorem combined with weak convergence argu-
ments. In Section 4, the existence of global solutions is proved on the basis
of a priori estimates for local solutions independent on t. In Section 5, we
 . < < ay2prove the exponential decay of solutions for the case F s s s q s s,
 .and in Section 6, we prove the algebraic decay of solutions for F s s
< < ay2s s.
2. THE AUXILIARY PROBLEM
We denote through
1 25 5u , ¨ t s u x , t ¨ x , t dx , u t s u , u t ; .  .  .  .  .  .  .H
0
m . m . w xH 0, 1 denotes the Sobolev space W 0, 1 , see Lions]Magenes 11 ;2
 . 1 .  .  1 .  . 4H 0, 1 is the subspace of H 0, 1 : H 0, 1 s z g H 0, 1 ; z 0 s 01 1
< < 5 5 < < 5 5with norm z s z ; ? denotes the absolute value; and ?H 0, 1. ax1
a  .denotes the norm of L 0, 1 .
To prove the decay of solutions, we will use the following lemma of
w xNakao 10 .
 . w .LEMMA 2.1. Let f t be a nonnegati¨ e function on 0, ` satisfying
1q rsup f t F K f t y f t q 1 , K ) 0, .  .  . .0 0
tFtFtq1
for some r G 0. Then it follows that
y1rrCf 0 1 q t if r ) 0, .  .
f t F . yl t Cf 0 e , l ) 0, if r s 0. .
Our starting point is to study solutions to the following problem,
u y u s h , in Q,t t x x t
< < < r <u s 0, u q u u s 0, t g 0, T , 2.1 .  . .xs0 xs1x t t
u x , 0 s u0 x , u x , 0 s u1 x , x g 0, 1 , .  .  .  .  .t
 .where h x, t is a given function.
2 . 0 1 2 .  .THEOREM 2.1. Let h g L Q ; u , u g H 0, 1 l H 0, 1 and the fol-1
lowing equality holds
0 < 1 < r 1u 1 q u 1 u 1 s 0. .  .  .x
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 .  .Then there exists a unique solution to 2.1 , u x, t ,
u g C 0, T ; H 2 0, 1 l H 0, 1 , .  . .1
u g L` 0, T ; H 0, 1 l L2 0, T ; H 2 0, 1 , .  . .  .t 1
u , u g L2 Q . .t t x x t
 .Proof. First, we solve some auxiliary problems. Putting z x, t s
 .u x, t , we obtain the parabolic equation,t
z y z y h , 2.2 .t x x
with the initial and boundary conditions,
< < < rz t s 0, z t q r q 1 z t z t s 0, 2.3 4 .  .  .  .  .  .xs0 x t xs1
z x , 0 s u1. 2.4 .  .
We employ the Faedo]Galerkin procedure to construct approximate
 .  .   .4 2 .  .solutions to 2.2 ] 2.4 . Let w x be a basis in H 0, 1 l H 0, 1 . Thenj 1
 .  .the approximate solution of 2.2 ] 2.4 will be sought in the form,
N
N Nz x , t s g t w x , .  .  . j j
js1
N .where g t are solutions to the following Cauchy problem,j
N N < N < r Nz , w t q z , w t q r q 1 z 1, t z 1, t w 1 .  .  .  .  .  . .  .t j x j x t j
s h , w t , 2.5 .  . .j
g N 0 s u1 , w , j s 1, . . . , N. 2.6 .  . .j j
N .  N . N .. t  .With G t s g t , . . . , g t , 2.5 has the form,1 N
IG N t q AGN t s F G N t , .  .  . .t t
where the matrix A does not depend on G N.t
We observe that I q A is a nonsingular matrix, therefore the solutions
N .  N .g t , j s 1, . . . , N are defined in some interval 0, t . Uniform in Nj
 .  .estimates will permit us to extend solutions of 2.5 and 2.6 to the interval
 .0, T and to pass to the limit as N ª `.
 . N .Multiplying the jth equation of 2.5 by g t and summing over j, wejt
come to
1 d 22 2 rN N N N N5 5 5 5 < <z t q z t q r q 1 z 1, t z 1, t s h , z t . .  .  .  .  .  . .t x t t2 dt
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From here we obtain
d2 2 2N N5 5 5 5 5 5z t q z t F h t . 2.7 .  .  .  .t xdt
 .Integrating 2.7 from 0 to t, we get
t 2 2 2N N 25 5 5 5 5 5z t dt q z t F h . 2.8 .  .  .H L Q.t x
0
Therefore,
z N is bounded in L2 0, T ; L2 0, 1 , 2.8 .  . .t
z N is bounded in L` 0, T ; H 0, 1 . 2.9 .  . .1
 .  N 4From 2.9 , it follows that we can extract a subsequence of z , denoted
 N 4also by z , such that
z N ª z weakly in L2 0, T ; L2 0, 1 , . .t t
2.10 .
z N ª z weakly y ) in L` 0, T ; H 0, 1 . . .1
Whence,
Nz ª z in C Q . .
 . t  .  .Putting H t s H h t dt , we can pass to the limit in 2.5 , as N ª `, to0
obtain
T T
z t , v u t dt q z t , v u t dt .  .  .  . .  .H Ht x x
0 0
T r X< <y z 1, t z 1, t v 1 u t dt .  .  .  .H
0
T Xs y H t , v u t dt , 2.11 .  .  . .H
0
 . 1w x  .for every v g H 0, 1 , u g C 0, T with u T s 0.1
 .Taking into account that u s z, we rewrite 2.11 as follows,t
T TX Xu t , v u t dt q u t , v u t dt .  .  .  . .  .H Ht x x
0 0
T r X< <q u 1, t u 1, t v 1 u t dt .  .  .  .H t t
0
T Xs H t , v u t dt . 2.12 .  .  . .H
0
COUSIN, FROTA, AND LAR'KIN278
Hence,
< < ru t , v q u t , v q u 1, t u 1, t v 1 s H t , v , 4 .  .  .  .  .  . . .  .t x x t t
 .  .  .for a.e. t g 0, T , ;v g H 0, 1 . Thus, u t is a solution to the problem,1
u y u s H g L2 Q , .t x x
r < < < <u s 0, u s y u u . 4xs0 xs1x t t xs1
2 .This implies u g L Q .x x
In turn, taking the derivative with respect to t, we get u y u s h.t t x x t
2 . 2 .Because u s z and z g L Q , then u g L Q . It means that wet t t t x x t
 .proved the existence of solutions u x, t ,
u g L` 0, T ; H 2 0, 1 , u g L` 0, T ; H 0, 1 , .  . . . t 1
u g L2 Q , u g L2 Q , .  .t t x x t
 .to the problem 2.1 .
To prove uniqueness, we assume the existence of two distinct solutions
u and u. Then U s u y u satisfiesÄ Ä
U y U s 0, 2.13 .t x x
< < < < r < < rU s 0, U s u u y u u , 2.14 .Ä Ä 4xs0 xs1x t t t t xs1
< <U s U s 0. 2.15 .ts0 ts0t
 .Multiplying 2.13 by U , we come to the equalityt
1 d2 25 5 5 5U t q U t y U 1, t U 1, t s 0. 2.16 .  .  .  .  .t x x t2 dt
< < r  .Taking into account monotonicity of the real function s s and 2.14 , we
have
< < r < < rU 1, t U 1, t s u u y u u u y u G 0, .  .  .Ä Ä Ä . 5x t t t t t t t xs1
which implies
t 25 5U t dt s 0. .H t
0
 .  .Using 2.15 , we get U x, t ' 0. This completes the proof of Theorem 2.1.
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3. LOCAL SOLUTIONS
In this section we prove the existence of local in t solutions using fixed
point arguments and Theorem 2.1.
2 . 1  . 0 2 .  .THEOREM 3.1. Let F g C R , u g H 0, 1 , u g H 0, 1 l H 0, 11 1
and the following equality holds
0 < 1 < r 1u 1 q u 1 u 1 s 0. .  .  .x
2 .  .Then for e¨ery f g L Q there exist T ) 0 and a function u x, t ,0
u g L` 0, T ; H 2 0, 1 l H 0, 1 , .  . .0 1
u g L` 0, T ; H 0, 1 l L2 0, T ; H 2 0, 1 , .  . .  .t 0 1 0
u g L2 Q , Q s 0, 1 = 0, T , .  .  .t t 0 0 0
which is the solution to the following problem,
­
u y u y F u s f , in Q s 0, 1 = 0, T , 3.1 .  .  .  . .t t x x t x 0 0­ x
< < ru 0, t s 0, u 1, t q u 1, t u 1, t s 0, t g 0, T , 3.2 .  .  .  .  .  .x t t 0
u x , 0 s u0 x , u x , 0 s u1 x , x g 0, 1 . 3.3 .  .  .  .  .  .t
 .Proof. For fixed R ) 0, u g 0, T , we consider a ball W ,Ru
w x 2W s z g C 0, u ; H 0, 1 l H 0, 1 ; .  .  .Ru 1
5 5 2 5 5 2 2 w xz t q z t F R , ; t g 0, u . .  . 4x x x
 .  .For every ¨ g W , we define S ¨ s u where u x, t is a uniqueRu
solution of the equation,
­
u y u s f q F ¨ ' g x , t 3.4 .  .  . .t t x x t x­ x
 .  .satisfying conditions 3.2 and 3.3 .
2 .It is easy to see that for every ¨ g W we have g g L Q . ThenRu
Theorem 2.1 guarantees the existence and uniqueness of such solution
 .u x, t ,
u g L` 0, u ; H 2 0, 1 l H 0, 1 , .  . .1
u g L` 0, u ; H 0, 1 l L2 0, u ; H 2 0, 1 , 3.5 .  .  . .  .t 1
u g L2 Q , Q s 0, 1 = 0, u . .  .  .t t u u
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LEMMA 3.1. For a sufficiently big R, there exists u ) 0 such that S maps
W ª W .Ru Ru
 . w x 1w xProof. From inclusions 3.5 , it follows that u g C 0, u ; C 0, 1 l
2 ..H 0, 1 .
 . 2 .Because F ¨ g C R , then for fixed R - `,x
< X < 5 X 5F ¨ F C R , F ¨ ¨ t F RC R in Q , 3.6 .  .  .  .  .  .x F x x x F u
 .  .where a constant C R depends only on R. Multiplying 3.4 by yuF x x t
 .and integrating with respect to x over 0, 1 , we come to the inequality,
1 d 2 25 5 5 5u t y u 1, t u 1, t q u t .  .  .  .x t x t t t x x t2 dt
12 2 2X5 5 5 5 5 5F f t q u t q F ¨ t ¨ t . 3.7 .  .  .  .  . .x x t x x x2
 .Using 3.2 we estimate the boundary term as follows,
2r< <yu 1, t u 1, t s r q 1 u 1, t u 1, t G 0. .  .  .  .  . .x t t t t t t
 .With this, 3.7 becomes
d 2 2 2 2X5 5 5 5 5 5 5 5u t q u t F 2 f t q 2 F ¨ ¨ t . .  .  .  .  .x t x x t x x xdt
 .  .Taking into account 3.6 , we have after integration over 0, t ,
t2 2 2 21 25 5 5 5 5 5 5 5u t q u t dt F 2 f q u q 2 tR C . 3.8 .  .  .Hx t x xt x F
0
 .  . t  .  .Because u x, t s u x, 0 q H u x, t dt , we obtain from 3.8 ,x x 0 xt
t2 2 205 5 5 5 5 5u t F 2 u q 2 u t dt .  .H 0 , 1. Hx xt1
0
5 0 5 2 5 1 5 2 5 5 2 2F 2 u q u q 4 f q 2 tR C . 3.9 .H 0 , 1. H 0 , 1. . F1 1
Analogously,
5 5 2 5 0 5 2 2 5 1 5 2 5 5 2 2u t F 2 u q u q 4 f q 2 tR C . 3.10 .  .H 0 , 1. H 0 , 1. .x x F1
 .  .Combining 3.9 and 3.10 , we have
5 5 2 5 5 2 0 1 2u t q u t F C u , u , f q 4 tR C , ; t g 0, u , 3.11 .  .  .  . .x x x 1 F
where the constant C depends only on u0, u1, f and does not depend on t.1
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 .  .From 3.8 and 3.4 ,
t t2 2 2 25 5 5 5 5 5u t dt F 2 u t dt q 2 f q 2 tR C . 3.12 .  .  .H Htt x xt F
0 0
2  .Now, let us take R s 2C , where C is the constant in 3.11 . If u s1 1
 .1r4C , then we have from 3.11 ,F
5 5 2 5 5 2 2 w xu t q u t F R , ; t g 0, u . .  .x x x
This proves Lemma 3.1.
 .LEMMA 3.2. There exists u g 0, u such that for e¨ery ¨ , ¨ g W theÄ0 Ru 0
inequality holds
5 5 2 2 2 5 5 2 2 2 5 5 2 2 2u y u q u y u F g ¨ y ¨ ,Ä Ä ÄL 0 , u ; L 0 , 1.. L 0 , u ; H 0 , 1.. L 0 , u ; H 0 , 1..t t 0 0 0
 .  .where 0 - g - 1, u s S ¨ , u s S ¨ .Ä Ä
 .  .Proof. Let ¨ , ¨ g W and u s S ¨ , u s S ¨ be corresponding solu-Ä Ä ÄRu
 .tions of 3.4 . Then z s u y u is a solution to the problem,Ä
­
z y z s F ¨ y F ¨ , 3.13 .  . .Ä .t t x x t x x­ x
< < < < r < < rz s 0; z s u u y u u , 3.14 . 4Ä Äxs0 xs1x t t t t xs1
z x , 0 s z x , 0 s 0. 3.15 .  .  .t
 .  .Integrating 3.13 over 0, t , multiplying the result by yz , and inte-x x
 .grating with respect to x over 0, 1 , we get
1 d 2 25 5 5 5z t q z t y z 1, t z 1, t s y G, z t , 3.16 .  .  .  .  .  .  .x x x x t x x2 dt
where
­t
G x , t s F ¨ x , t y F ¨ x , t dt . .  .  . .  .ÄH x x­ x0
 . < < rTaking into account 3.14 and monotonicity of s s, we have
< < r < < ryz 1, t z 1, t s u 1, t u 1, t y u 1, t u 1, t .  .  .  .  .  . 4Ä Äx t t t t t
= u 1, t y u 1, t G 0. .  . .Ät t
 .Then 3.16 gives
d 2 2 25 5 5 5 5 5z t q z t F G t . 3.17 .  .  .  .x x xdt
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5  .5We estimate G t as follows,
2
1 t2 X X5 5G t s F ¨ x , t ¨ x , t y F ¨ x , t ¨ x , t dt dx .  .  .  .  . .  .Ä ÄH H x x x x x x
0 0
t 1 22 X XF 2 ¨ x , t F ¨ x , t y F ¨ x , t dx dt .  .  . .  .  .ÄHH x x x x
0 0
t 1 2Xq 2 F ¨ x , t . .ÄHH x
0 0
2
= ¨ x , t y ¨ x , t dx dt ' I q I . 3.18 .  .  . .Äx x x x 1 2
We observe that for ¨ g W ,Ru
t 2X X2I F 2 R max F ¨ x , t y F ¨ x , t dt . .  . .  .ÄH1 x x
w xxg 0, 1 0
2 . 1 . w xBecause F g C R ; ¨ , ¨ g H 0, 1 l C 0, 1 ; ¨ , ¨ g W , there exists aÄ Äx x Ru
 .positive constant C R such that2
t 2
15 5I F C R ¨ t y ¨ t dt . 3.19 .  .  .  .ÄH H 0 , 1.1 2 x x
0
Applying analogous arguments, we obtain
t 22 5 5I F 2C R ¨ t y ¨ t dt . 3.20 .  .  .  .ÄH2 F x x x x
0
 .  .  .  .  .Substituting 3.19 and 3.20 into 3.18 and integrating 3.17 over 0, t ,
we get
tt t2 2 2
15 5 5 5 5 5z t q z t dt F C R ¨ s y ¨ s ds dt . .  .  .  .  .ÄH HH H 0 , 1.x x x 3 x x
0 0 0
3.21 .
 .  .Here the constant C R depends only on R. From 3.21 , we have for3
 .t g 0, u ,
t t2 2
15 5 5 5z t dt F u C R ¨ t y ¨ t dt . .  .  .  .ÄH H H 0 , 1.x x 3 x x
0 0
 .Taking 0 - u - 1r8C R , we obtain3
t t2 21
15 5 5 5z t dt F ¨ t y ¨ t dt . 3.22 .  .  .  .ÄH H H 0 , 1.x x x x8
0 0
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 .  .  .Integrating 3.21 over 0, t , t g 0, u and taking into account the last
inequality, we have
ut t2 22 15 5 5 5z t dt F q C R u ¨ t y ¨ t dt . 3.23 .  .  .  .  .ÄH H H 0 , 1.x 3 x x /80 0
1  .4  .  .Putting u s min , 1r8C R , we get from 3.22 and 3.23 ,0 38
t t2 21
1 15 5 5 5z t dt F ¨ t y ¨ t dt , ; t g 0, u . .  .  .  .ÄH H 0 , 1. H H 0 , 1.x x x4
0 0
3.24 .
 .  .  .Integrating 3.13 over 0, t , we obtain for t g 0, u ,0
5 5 2 2 2 5 5 2 2 2z F zL 0 , u ; L 0 , 1.. L 0 , u ; L 0 , 1..t x x0 0
2­u0q F ¨ y F ¨ dt 4 .  .ÄH x x
2 2­ x   ..L 0, u ; L 0, 10 0
1 t 2
15 5F ¨ t y ¨ t dt . .  .ÄH H 0 , 1.x x4 0
 .Combining this with 3.24 , we have
5 5 2 2 2 5 5 2 2 1 5 5 2 2 1z q z F g ¨ y ¨ ,ÄL 0 , u ; L 0 , 1.. L 0 , u ; H 0 , 1.. L 0 , u ; H 0 , 1..t x x x0 0 0
where 0 - g - 1. Lemma 3.2 is proved.
Now, we are able to prove Theorem 3.1. Let un., n s 1, 2, . . . , be such
that,
­
n. n. ny1.u y u s f y F u , .t t x x t x­ x
n. < n. < n. < r n. <u , u q u u s 0, .xs0 xs1x t t
un. x , 0 s u0 x , un. x , 0 s u1 x , n s 1, 2, . . . .  .  .  .t
u0. s u0 , u0. s u1. 3.25 .t
n. .According to Lemmas 3.1 and 3.2, for u sufficiently small all u x, t
belong to the ball W and satisfy the inequality,Ru
5 nq1. n. 5 2 2 2 5 nq1. n. 5 2 2 1u y u q u y uL 0 , u ; L 0 , 1.. L 0 , u ; H 0 , 1..t t x x0 0
5 n. ny1. 5 2 2 1F g u y u . 3.26 .L 0 , u ; H 0 , 1..x x 0
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 n.4It means that a subsequence of u converges weakly to some function
 .  .  .u x, t satisfying the inclusions 3.5 . On the other hand, due to 3.26 , the
 n.4 2 1 .. 1 2sequence u converges strongly in L 0, u ; H 0, 1 l H 0, u ; L 0,x 0 0
..  .1 to some function u x, t . Because weak and strong limits coincide, weÄx
 .  .have u x, t s u x, t .Ä
 .Rewriting 3.25 in the form,
u 10 n. n.y u x , t y u x , t w x , t dx dt .  .  . .H H t x x t
0 0
­u 1 10 ny1. 1 0s f q F u w x , t dx dt q u y u w x , 0 dx , .  . .  .H H Hx x x­ x0 0 0
 . 1 2 ..  .where w x, t is an arbitrary function from H 0, u ; L 0, 1 , w x, u s 0,0 0
 .and using 3.26 , we can pass to the limit, as n ª `, to obtain
u 10y u x , t y u x , t w x , t dx dt .  .  . .H H t x x t
0 0
­u 1 10 1 0s f q F u w x , t dx dt q u y u w x , 0 dx. .  .  . .H H Hx x x 5­ x0 0 0
 .Because u satisfies 3.5 , we can rewrite the last identity in the form,
­u 10 u x , t y u x , t y F u x , t f x , t dx dt .  .  .  . .H H t t x x t x 5­ x0 0
u 10s f x , t f x , t dx dt , .  .H H
0 0
2 2 ..where f is an arbitrary function from L 0, u ; L 0, 1 . This proves0
Theorem 3.1.
 .  .THEOREM 3.2. The solution to the problems 3.1 ] 3.3 , gi¨ en by Theo-
rem 3.1, is uniquely defined.
 .  .Proof. Let u, u be two distinct solutions to 3.1 ] 3.3 . Then z s u y uÄ Ä
is a solution to the following problem,
­t
z y z s F u t y F u t dt 4 .  . .  .ÄHt x x x x­ x0
< < < r < < rz s 0, z q u u y u u s 0, 3.27 .Ä Ä 4xs0 x t t t t xs1
z x , 0 s z x , 0 s 0. .  .t
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Employing the same arguments as in Lemma 3.2, we come, for u ) 0
sufficiently small, to the inequality,
1
2 1 2 15 5 5 5z F z .L 0 , u ; H 0 , 1.. L 0 , u ; H 0 , 1..x x2
Hence,
5 5 2 1z s 0.L 0 , u ; H 0 , 1..x
<  .Because z , then z x, t ' 0 in Q. Splitting, if necessary, the intervalxs0
 .  .0, T into segments 0, u , we prove Theorem 3.2 for the whole domain Q
where the solution exists.
4. GLOBAL SOLUTIONS
THEOREM 4.1. Let u0, u1 satisfy all the conditions of Theorem 3.1. If
2 . X .  . 2 .F g C R , F s G 0, F 0 s 0; then for any f g L Q and for all finite
 .  .T ) 0 there exists in Q s 0, 1 = 0, T a unique solution to the problem
 .  .  .1.1 ] 1.3 , u x, t ,
u g L` 0, T ; H 2 0, 1 l H 0, 1 , .  . .1
u g L` 0, T ; H 0, 1 l L2 0, T ; H 2 0, 1 , .  . .  .t 1
u , u g L2 Q . .t t x x t
Proof. Taking into account Theorems 3.1 and 3.2, it is sufficient to
prove a global a priori estimates permitting to continue a local solution to
 .any finite interval 0, T .
 .Multiplying 3.1 by u and integrating the result with respect to x overt
 .0, 1 , we come to the equality,
1 d 2 25 5 5 5u t q u t y u 1, t u 1, t y F u t u 1, t .  .  .  .  .  . .t x t x t t x t2 dt
q F u , u t s f , u t . 4.1 .  .  .  .  . .x x t t
The hypotheses on F imply
< < ryF u 1, t u 1, t s yF y u 1, t u 1, t u 1, t G 0, .  .  .  .  . .  .x t t t t
 .then, due to 3.2 ,
d 1 r q 11  .u t2 rq2x5 5 < <u t q F t dt dx q u 1, t .  .  .H Ht t /dt 2 r q 20 0
5 5 2q u t F f , u t . .  .  .x t t
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 .Integrating over 0, t , we get
r q 11  . tu t2 rq2 2x5 5 < < 5 5u t q 2 F t dt q 2 u 1, t q 2 u t dt .  .  .  .H H Ht t xtr q 20 0 0
1 0u2 rq2x1 15 5 < <F u q 2 F t dt dx q 2 u 1 .  .H H
0 0
t2 2
25 5 5 5q f q u t dt . .L Q. H t
0
u x t .  .Taking into account the hypotheses on F, we have H F t dt G 0,0
hence, by Gronwall's lemma,
t2 2 rq25 5 5 5 < <u t q u t dt q u 1, t F C , ; t g 0, T , 4.2 .  .  .  .  .Ht xt t
0
where the constant C does not depend on t.
 .Multiplying 3.1 by yu , we come after standard transformations tox x
the equality,
1 d 2 X 25 5u t q F u , u t y u , u t s y f , u t . .  .  .  .  .  .  . .x x x x x t t x x x x2 dt
4.3 .
We transform the last term on the left-hand side as follows,
d 25 5y u , u t s y u , u t y u t q u 1, t u 1, t .  .  .  .  .  .  .t t x x t x x x t t x tdt
d r q 1 d2 rq25 5 < <s y u , u t y u y u 1, t . .  .  .t x x x t tdt r q 2 dt
4.4 .
 .  .  .Substituting 4.4 into 4.3 and integrating over 0, t , we obtain
t2 X1 25 5u t q 2 F u t u t dt .  .  . .Hx x x x x2
0
t 25 5F 2 u t dt q 2 u , u t .  .  .H x t t x x
0
< < rq2 0 < 1 < rq2q 2 u 1, t q 2 u , u 0 q 2 u 1 . .  .  . .t 1 x x
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 .Using 4.2 , we reduce this to the inequality,
t2 25 5 5 5u t F C 1 q u t dt , .  .Hx x x x /0
5 0 5 2 5 1 5 5 5 2where the constant C depends only on T , u , u , f .H 0, 1. H 0, 1. L Q.1
Gronwall's Lemma gives
5 5 2u t F C , 4.5 .  .x x
where C does not depend on t.
 .Multiplying 3.1 by yu , we come by the usual way to the equality,x x t
5 5 2 Xu t q F u u , u t y u , u t s y f , u t . .  .  .  .  .  .  . .x x t x x x x x t t t x x t x x t
4.6 .
 .Using 3.2 , we rewrite the last term of the left-hand side in the form,
1 d 22 r5 5 < <y u , u t s u t q r q 1 u 1, t u 1, t . .  .  .  .  .  . .t t x x t x t t t t2 dt
 .Substituting this into 4.6 , we get
d 2 2 2X5 5 5 5 5 5u t q 2 u t F 8 max F u x , t u t .  .  .  . .x t x x t x x xdt w xxg 0, 1
5 5 2 5 5 2q u t q 8 f t , .  .x x t
 .  .whence, due to 4.2 and 4.5 ,
t2 25 5 5 5u t q u t dt F C , 4.7 .  .  .Hx t x xt
0
where C does not depend on t.
 .  .  .The estimates 4.2 , 4.5 , and 4.7 allow us to extend the local solution
 .of Theorem 3.1 to any finite interval 0, T .
By Theorem 3.2, this solution is uniquely defined. Theorem 4.1 is
proved.
 .Remark 4.1. The condition F 0 s 0 in Theorem 4.1 is technical, it can
X . < X . <be omitted. The condition F s G 0 can be replaced by F s F C.
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5. EXPONENTIAL DECAY
 .If we take f ' 0, in 1.1 , the following result is a direct consequence
from Theorem 4.1.
THEOREM 5.1. Let ¨ 0, ¨ 1, and F satisfy all the conditions of Theorem 4.1.
 .  .  .If f ' 0, then there exists a unique solution u x, t of problem 1.1 ] 1.3
from the class,
¨ g L` 0, `; H 2 0, 1 l H 0, 1 , .  . .Loc 1
¨ g L` 0, `; H 0, 1 l L2 0, `; H 2 0, 1 , .  . .  .t Loc 1 Loc
¨ g L2 0, `; L2 0, 1 . . .t t Loc
 . < < ay2In this section, we put F s s s q s s and we define the energy of
the system by
1 1 1 r q 12 2 a rq25 5 5 5 5 5 < <E t s u t q u t q u t q u 1, t , .  .  .  .  .at x x t2 2 a r q 2
t G 0. 5.1 .
 .THEOREM 5.2. Let u x, t be a solution gi¨ en by Theorem 5.1 and
 . < < ay2F s s s q s s, a G 2. Then there exist positi¨ e constants l, C such that
E t F Ceyl t , ; t G 0. .
 .  .Proof. Multiplying 1.1 by u x, t , we obtaint
d 1 1 1 r q 12 2 a rq25 5 5 5 5 5 < <u t q u t q u t q u 1, t .  .  .  .at x x t 5dt 2 2 a r q 2
5 5 2 < < rq2 < < bq u t q u 1, t q u 1, t s 0, .  .  .x t t t
 .where b s ra y r q a . Taking into account 5.1 , we get
d 2 rq2 b5 5 < < < <E t q u t q u 1, t q u 1, t s 0. 5.2 .  .  .  .  .x t t tdt
 .We can see that the energy is decreasing. Integrating 5.2 from 0 to t ) 0,
we have
t t2 rq2 b5 5 < < < <E t q u t dt q u 1, t q u 1, t dt s E 0 , .  .  .  .  . .H Hxt t t
0 0
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 .therefore, the energy is bounded. Integration of 5.2 from t to t q 1 gives
tq1 tq12 rq2 b5 5 < < < <u t dt q u 1, t q u 1, t dt .  .  . .H Hxt t t
t t
s E t y E t q 1 ' D2 t . 5.3 .  .  .  .
1w xBy the mean value theorem for integrals, there exist t g t, t q and1 4
3w xt g t q , t q 1 such that2 4
5 5 2 2 < < rq2 2u t F 4D t ; u 1, t F 4D t , i s 1, 2. 5.4 .  .  .  .  .x t i t i
 .  .Multiplying 1.1 by u x, t , we have
< < ru t , u t q u t , u t q r q 1 u 1, t u 1, t u 1, t .  .  .  .  .  .  .  . .  .t t x t x t t t
5 5 2 5 5 a < < rq u t q u t q u 1, t u 1, t u 1, t .  .  .  .  .ax x t t
< < by2q u 1, t u 1, t u 1, t s 0. 5.5 .  .  .  .t t
Integrating this from t to t , we obtain1 2
t2 2 a5 5 5 5u t q u t dt .  . .H ax x
t1
t2 25 5 5 5 5 5 5 5 5 5F u t u t q u t u t q u t dt .  .  .  .  .Ht 1 1 t 2 2 t
t1
t25 5 5 5q u t u t dt .  .H xt x
t1
t2 r< <y r q 1 u 1, t u 1, t u 1, t dt .  .  .  .H t tt
t1
t t2 2rq1 by1< < < < < < < <q u 1, t u 1, t dt q u 1, t u 1, t dt . .  .  .  .H Ht t
t t1 1
5.6 .
 .  . 5  .5 5  .5 5  .5 5  .5Because u 0, t s u 0, t s 0, then u t F u t and u t F u t .t x t t x
This gives the estimate,
1r2’5 5 5 5 5 5 5 5u t u t q u t u t F 4 2 D t E t .  .  .  .  .  .t 1 1 t 2 2
F C « D2 t q « E t , ;« ) 0. .  .  .
5.7 .
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Because
< < rr q 1 u 1, t u 1, t u 1, t .  .  .  .t t t
d
r rq2< < < <s u 1, t u 1, t u 1, t y u 1, t , .  .  .  .t t tdt
then
t2 r< <y r q 1 u 1, t u u 1, t dt .  .  .H t tt
t1
< < rq1 < < < < rq1 < <F u 1, t u 1, t q u 1, t u 1, t .  .  .  .t 1 1 t 2 2
t2 rq2< <q u 1, t dt . .H t
t1
By Young's inequality,
< < rq1 < < < < rq2 < < rq2u 1, t u 1, t F C « u 1, t q « u 1, t .  .  .  .  .t i i 1 t i 1 i
2 < < rq2F 4C « D t q « u 1, t , .  .  .1 1 i
;« ) 0, i s 1, 2.1
On the other hand,
rq2
1rq2< < < <u 1, t F u x , t dx .  .Hi x /0
rr2
1 12 2< < < <F u x , t dx u x , t dx .  .H Hx x /  /0 0
F 2 rq2.r2E rr2 0 E t , i s 1, 2. .  .
Therefore,
t2 r< <y r q 1 u 1, t u 1, t u 1, t dt .  .  .  .H t tt
t1
F 1 q 8C « D2 t q 2 rr2q1E rr2 0 « E t . 5.8 .  .  .  .  . .1 1
Moreover,
x
2 2 2< < < < 5 5u x , t F u j , t dj F u t , .  .  .Ht j t x t
0
and
t t2 22 2 25 5 5 5u t dt F u t dt F D t . 5.9 .  .  .  .H Ht xt
t t1 1
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 .The remaining terms of 5.6 are estimated as follows,
t t t2 2 22 25 5 5 5 5 5 5 5u t u t dt F C h u t dt q h u t dt .  .  .  .  .H H Hxt x xt x
t t t1 1 1
t2 22 5 5F C h D t q h u t dt , 5.10 .  .  .  .H x
t1
t2 rq1< < < <u 1, t u 1, t dt .  .H t
t1
t t2 2rq2 rq2< < < <F C h u 1, t dt q h u 1, t dt .  .  .H H1 t 1
t t1 1
t2 22 r r2 5 5F C h D t q 2h E 0 u t dt , 5.11 .  .  .  .  .H1 1 x
t1
where h, h are arbitrary positive numbers.1
Analogously,
t2 by1 2< < < <u 1, t u 1, t dt F C h D t .  .  .  .H t 2
t1
t2 2 by2.r2 5 5q 2h E 0 u t dt , .  .H2 x
t1
h ) 0. 5.12 .2
 .  .Choosing h, h , and h sufficiently small, from inequalities 5.6 ] 5.12 we1 2
obtain
t2 2 a 25 5 5 5u t q u t dt F C h , h , h D t q « E t .  .  .  .  . .H ax x 1 2
t1
q 2 rr2q1E rr2 0 « E t . 5.13 .  .  .1
 .Integrating 5.1 from t to t , we have1 2
t t t2 2 22 2 a5 5 5 5 5 5E t dt F u t dt q u t q u t dt .  .  .  . .H H H at x x
t t t1 1 1
t2 rq2< <q u 1, t dt .H t
t1
F 2 q C h , h , h D2 t q « E t .  .  . .1 2
q 2 rr2q1E rr2 0 « E t . 5.14 .  .  .1
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U w xThen there exists t g t , t such that1 2
1 U U 2E t F t y t E t F 2 q C h , h , h D t q « E t .  .  .  .  .  . .2 1 1 22
q 2 rr2q1E rr2 0 « E t . 5.15 .  .  .1
 . UIntegrating 5.2 from t to t , we get
tU tU2 rq2U 5 5 < <E t s E t q u t dt q u 1, t dt .  .  .  .H Hxt t
t t
tU b< <q u 1, t dt .H t
t
t2U 2 2F E t q D t F E t dt q D t .  .  .  .H
t1
F C q 3 D2 t q « q 8 E rr2« E t , .  .  . .1
where « , « are arbitrary positive numbers.1
For « , « sufficiently small,1
sup E t F C E t y E t q 1 . .  .  . .
tFtFtq1
It follows from Lemma 2.1 that there exist C ) 0 and l ) 0 such that
E t F Ceyl t , t G 0. .
This proves Theorem 5.2.
6. ALGEBRAIC DECAY
 . < < ay2In this section we consider F s s s s, a ) 2 and we prove the
algebraic decay of energy given by
1 1 r q 12 a rq25 5 5 5 < <E t s u t q u t q u 1, t , t G 0. 6.1 .  .  .  .  .at x t2 a r q 2
 .THEOREM 6.1. Let u x, t be the solution gi¨ en by Theorem 5.1, with
 . < < ay2F s s s s, a ) 2. Then there exist positi¨ e constants C ) 0 and r - 2
such that
 .rr ry2E t F C 1 q t , t G 0. .  .
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 .  .Proof. Multiplying 1.1 by u x, t , we obtaint
d 1 1 r q 12 a rq25 5 5 5 < <u t q u t q u 1, t .  .  .at x t 5dt 2 a r q 2
5 5 2 < < bq u t q u 1, t s 0, 6.2 .  .  .x t t
where b s ra y r q a .
 .Taking into account 6.1 , we can rewrite this in the form,
d 2 b5 5 < <E t q u t q u 1, t s 0. 6.3 .  .  .  .x t tdt
 .Integrating 6.3 from t to t q 1, we have
tq1 tq12 b 25 5 < <u t dt q u 1, t dt s E t y E t q 1 ' D t . .  .  .  .  .H Hxt t
t t
6.4 .
1 3w x wBy the mean value theorem, there exist t g t, t q and t g t q , t q1 24 4
x1 such that
5 5 2 2 < < b 2u t F 4D t ; u 1, t F 4D t , i s 1, 2. 6.5 .  .  .  .  .x t i t i
 .  .Multiplying 1.1 by u x, t , we get
5 5 au t , u t q u t , u t q u t .  .  .  .  . .  . at t x t x x
< < rq r q 1 u 1, t u 1, t u 1, t .  .  .  .t t t
< < by2q u 1, t u 1, t u 1, t s 0. 6.6 .  .  .  .t t
 .Integrating 6.6 from t to t , we come to the inequality,1 2
t t2 2a 25 5 5 5 5 5 5 5 5 5 5 5u t dt F u t u t q u t u t q u t dt .  .  .  .  .  .H a Hx t 1 1 t 2 2 t
t t1 1
t t2 2 rq25 5 5 5 < <q u t u t dt q u 1, t dt .  .  .H Hxt x t
t t1 1
t2 r< <y r q 1 u 1, t u 1, t u 1, t dt .  .  .  .H t tt
t1
t2 by1< < < <q u 1, t u 1, t dt . 6.7 .  .  .H t
t1
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 .  .From 6.1 and 6.5 , we obtain
5 5 5 5 5 5 5 5 1r au t u t q u t u t F CD t E t .  .  .  .  .  .t 1 1 t 2 2
F C « Daray1. t q « E t , .  .  .
« ) 0. 6.8 .
5  .5 5  .5  . t2 5  .5 2Because u t F u t , it follows from 6.4 that H u t dt ist x t t t12 .  .bounded by D t . The next terms in 6.7 are estimated as follows,
t t t2 2 2aray1. a5 5 5 5 5 5 5 5u t u t dt F C h u t dt q h u t dt .  .  .  .  .H H Hxt x xt x
t t t1 1 1
 .ar2 ay1
t2 25 5F C h u t dt .  .H xt /t1
t2 a5 5q h u t dt .H ax
t1
t2 aa ray1. 5 5F C h D t q h u t dt , 6.9 .  .  .  .H tx
t1
where h is an arbitrary positive number, and
w . x2 rq2 rb
t t2 2rq2 b 2w rq2.r b x< < 5 5u 1, t dt F u t dt F D . 6.10 .  .  .H Ht t /t t1 1
< < rq1 < < < <  rq1.a ray1. < < au 1, t u 1, t F C « u 1, t q « u 1, t .  .  .  .  .t i i 1 t i 1 i
F C « D ra ray1. t Daray1. t q a« E t , .  .  .  .1 1
i s 1, 2, « ) 0. 6.11 .1
t t2 2by1 b< < < < < <u 1, t u 1, t dt F C h u 1, t dt .  .  .  .H Ht 1 t
t t1 1
t2 b< <qh u 1, t dt , h ) 0. 6.12 .  .H1 1
t1
 .Because u 0, t s 0, then
bsrayrqa
1b< < < <u 1, t F u x , t dx .  .H x /0
a  .r ay1
1 1
< < < <s u x , t dx u x , t dx .  .H Hx x /  /0 0
w . xr ay1 ra
1 1a a< < < <F u x , t dx u x , t dx .  .H Hx x /0 0
w . xr ay1 raa a a r way1.r a x5 5 5 5 5 5s u t u t F u t E 0 ; .  .  .  . .a a ax x x
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 .and from 6.12 , it follows,
t2 by1 2< < < <u 1, t u 1, t dt F C h D t .  .  .  .H t 1
t1
t2 ar way1.r a x 5 5q h E 0 u t dt . .  .H a1 x
t1
6.13 .
Choosing h, h sufficiently small, we have1
t2 a 2 a ray1. 2w rq2.r b x5 5u t dt F C « , « D t q D q D .  .  . .H ax 1
t1
q « q a« E t . 6.14 .  .  .1
 .Integrating 6.3 from t to t , we obtain1 2
t t t t2 2 2 22 a rq25 5 5 5 < <E t dt F u t dt q u t dt q u 1, t dt .  .  .  .H H H a Ht x t
t t t t1 1 1 1
F C « , « D2 t q Daray1. q D2w rq2.r b x .  . .1
q « q a« E t . 6.15 .  .  .1
U w xThere exists t g t , t such that1 2
t2U 2 a ray1. 2w rq2.r b xE t F 2 E t dt F C « , « D t q D q D .  .  .  . .H 1
t1
q « q a« E t . 6.16 .  .  .1
 . UIntegrating 6.3 from t to t , we get
tU tU2 bU U 25 5 < <E t F E t q u t dt q u 1, t dt F E t q D t .  .  .  .  .  .H Hxt t
t t
F 2C « , « D2 t q Daray1. q D2w rq2.r b x .  . .1
q « q a« E t q D2 t . 6.17 .  .  .  .1
This implies
E t F C « , « D2 t q Daray1. t q D2w rq2.r b x .  .  .  . .1
q 2 « q a« E t . 6.18 .  .  .1
For « , « sufficiently small and positive,1
E t F C D2 t q Daray1. t q D2w rq2.r b x . 6.19 .  .  .  . .
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  . w rq2.r b x4  .Let r s min ar a y 1 , 2 - 2. Because D t is a bounded func-
 .tion, we obtain from 6.19 ,
rr2sup E t F C E t y E t q 1 . .  .  . .
tFtFtq1
It follows from Nakao's lemma that there exists C ) 0 such that
 .rr ry2E t F C 1 q t , t G 0. .  .
Theorem 6.1 is proved.
 .Remark. If a s 2, that is, F s s s, we have the exponential decay.
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